The exact solutions of the Einstein field equations for dark energy in Kantowski-Sachs metric under the assumption on the anisotropy of the fluid are obtained for exponential and power-law volumetric expansions. The isotropy of the fluid, space and expansion are examined.
Introduction
One of the most remarkable discoveries is that our universe is currently accelerating. This was first observed from high red shift supernova Ia [1] [2] [3] [4] [5] [6] [7] , and confirmed later by cross checks from the cosmic microwave background radiation [8, 9] and large scale structure [10] [11] [12] [13] [14] [15] . In Einstein's general relativity, in order to have such acceleration, one needs to introduce a component to the matter distribution of the universe with a large negative pressure. This component is usually referred to as dark energy (DE). Astronomical observations indicate that our universe is flat and currently consists of approximately 2 3 dark energy and 1 3 dark matter. The nature of dark energy as well as dark matter is unknown, and many radically different models have been proposed, such as, a tiny positive cosmologi-cal constant, quintessence [16] [17] [18] , DGP branes [19, 20] , the non-linear F(R) models [21] [22] [23] , and dark energy in brane worlds, among many others [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] ; see also the review articles [44, 45] , and references therein. As mentioned before, the existence of dark energy fluids comes from the observations of the accelerated expansion of the universe and the isotropic pressure cosmological models give the best fitting of the observations. In order to explain an anomalous cosmological observation in the cosmic microwave background (CMB) at the largest angles, some authors [46] have suggested cosmological model with anisotropic and viscous dark energy.
The advances in particle physics applied to the early universe have resulted in an interest in solutions to the Einstein equations with somewhat usual properties. Therefore, a set of articles developed to the new Kantowski-Sachs models has appeared. The Kantowski-Sachs cosmological models containing a perfect fluid with a zero cosmological constant was analyzed by Collins [47] . He has carried out the qualitative study of the evolution of the Kantowski-Sachs model. Weber [48] applied Collins's method to a qualitative study of a Kantowski-Sachs model with cosmological constant (Λ). Recently, Pradhan and Yadav [49] have studied Kantowski-Sachs model with variable G and Λ by assuming a power-law time variation of the expansion factor. To have a general description of an anisotropic dark energy component, we consider a phenomenological parameterization of dark energy in terms of its equation of state (ω) and two skewness parameters (δ γ). We have obtained the general form of the anisotropy parameter of the expansion for Kantowski-Sachs metric. Reducing the anisotropy parameter of the expansion to a simple form, the exact solutions of the Einstein field equations have been obtained by assuming volumetric exponential expansion and power-law expansion. Some features of the evolution of the metric and the dynamics of the anisotropic DE fluid have been examined.
Metric and field equations
The standard representation of Kantowski-Sachs spacetime [50] is given by
where ( ) and ( ) are the scale factors.
Here we are dealing only with an anisotropic fluid whose energy-momentum tensor is in the following form
We parametrize it as follows:
where ρ is the energy density of the fluid; θ and are the pressures and ω ω θ and ω are the directional equation of state (EoS) parameters of the fluid. Now, parametrizing the deviation from isotropy by setting ω = ω and then introducing skewness parameter δ that is the deviations from ω respectively on both the θ and axes. Here ω and δ are not necessarily constants and can be functions of the cosmic time .
The Einstein field equations, in natural limits (8πG = 1 and = 1) are
where µν µ ν = 1; µ = (1 0 0 0) is the four-velocity vector; R µν is the Ricci tensor; R is the Ricci scalar, T µν is the energy-momentum tensor. In a co-moving coordinate system, Einstein's field equations (4) for the metric (1) with the help of equation (3) yield
where the overhead dot (·) denote derivative with respect to the cosmic time .
Isotropization and the solution
The directional Hubble parameters in the direction of θ and respectively for the Kantowski-Sachs metric are
The mean Hubble parameter is given as
where V = 2 is the spatial volume of the universe. The anisotropy of the expansion can be parametrized after defining the directional Hubble parameters and the mean Hubble parameter of the expansion. The anisotropic parameter of the expansion is defined as
where H ( = 1 2 3) represent the directional Hubble parameters in the directions of θ and respectively. After little manipulation of equation (10) and using
The difference H − H between the expansion rates on and axes can be obtained by using the field equations.
Subtracting equation (6) from equation (7), we obtaiṅ
where λ is the constant of integration and the term δ arises due to the possible intrinsic anisotropy of the fluid. Finally using equation (12) in equation (11), we obtain the anisotropy parameter of the expansion as ∆ = 2 9 1
The anisotropy parameter of the expansion for a Kantowski-Sachs cosmological model in the presence of a perfect (thus isotropic) fluid [by choosing δ = 0] will be ∆ = 2 9
1
The integral term in (13) vanishes for
This also leads to the following energy-momentum tensor
By using equation (15) in equation (13), we obtain the reduced form of the anisotropy parameter of the expansion as (17) It is observed that the above anisotropy parameter of the expansion is equivalent to the ones obtained for exponential expansion in Bianchi type-I [51] and Bianchi type-V [52, 53] cosmological models with isotropic fluid and is exactly same for exponential expansion in Bianchi type-III [54] for anisotropic fluid. The difference between the expansion rates on and is reduced to
We can also obtain the most general form of the energy density in Kantowski-Sachs framework by using the first field equation (5), the definition of the anisotropy parameter of the expansion (10) and using the equation (11) as
The Einstein field equations (5)- (7) with equations (15) and (16) 
+¨ +˙
Now we have three linearly independent equations (20)- (22) and four unknown functions ω and ρ. One extra condition is needed to solve the system completely. Therefore, we have used two different volumetric expansion laws:
and
where 1 and are positive constant. The models with the exponential expansion and the powerlaw for > 1 exhibit accelerating volumetric expansion. On the other hand, the model for = 1 exhibits volumetric expansion with constant velocity, whereas, the anisotropic fluid we dealt with here can be considered in the context of DE in the models with exponential expansion and the power-law expansion for > 1. Pertmutter [2] and Riess [1, 3] have shown that the decelerating parameter of the universe is in the range −1 0 and the present day universe is undergoing accelerated expansion.
Model for exponential expansion
After solving the equations (20)- (22) for the exponential volumetric expansion (23) by considering equations (18), we obtain the scale factors as 
Using the mean Hubble parameter and the directional Hubble parameters in equation (11) 
The deviated part of the anisotropic EoS parameter is obtained by using equations (15), (25) and (26) 
Using equations (25), (26) and (30) in equation (6), we obtain the deviation-free part of anisotropic EoS parameter as 
From equation (29), we should note that the anisotropy of the expansion (∆) is not promoted by the anisotropy of the fluid and decreases to null exponentially as increases.
The space approaches to isotropy in this model because ∆ → 0 V → ∞ and ρ = 3 2 > 0 as → ∞. The term λ contribute to the energy density ρ of the fluid negatively.
From equations (30), (31) and (32), we have observed that the energy density (ρ), the skewness parameter (δ) and the deviation-free EoS parameter (ω) are dynamical (functions of time ).
Also there is no big-bang type of singularity for particular choice of parameters.
As → ∞, the anisotropic fluid isotropizes and mimics the vacuum energy, i.e. as → ∞ we get δ → 0, ω → −1 and ρ → 3 2 . Which is mathematically equivalent to the cosmological constant (∧) as shown in Figure 1 , Figure 3 and Figure 2 respectively. One can observe that the universe approaches to isotropy monotonically even in the presence of the anisotropic fluid, and the anisotropic fluid isotropizes and evolves to the cosmological constant in case of exponential volumetric expansion.
Model for power-law expansion
After solving the field equations (20)- (22) for the powerlaw volumetric expansion (24) by using equation (18), we obtain the scalar factors as follows: 
where 1 2 are positive constants of integration. The mean Hubble parameter is given by
The directional Hubble parameters on the and axes are given by
Using the mean Hubble parameter and the directional Hubble parameters in equation (11), we obtain the anisotropy parameter of expansion as ∆ = 
Using equation (19), we can obtain the energy density of the fluid as
Using equations (33), (34) and equation (38) in equation (15), the deviation-free part of the anisotropic EoS parameter can be obtained as 
By using equations (33), (34) and (38) in the equation (6) 
For this model, we have noted that the volume of the universe expands indefinitely for all values of . From equation (37) it is noted that the anisotropy of the expansion (∆) is not promoted by the anisotropy of the fluid. It behaves monotonically, decays to zero (∆ → 0) for > 1 3 and diverges (∆ → ∞) for < 1 3 as → ∞, and is constant ∆ → 2λ 2 9 2 2 1 for = 1 3 . The deceleration parameter is always negative for > 1 indicating accelerating universe and it has attained its fastest rate of expansion at = −1 for large . We can verify that the term λ contribute to the energy density ρ of the fluid negatively. By applying the condition ρ > 0, we may determine the values of which are convenient for the universe. If λ is null, according to the condition on ρ, for different values of we may describe different phases of the universe. The deceleration parameter is always negative for > 1 indicating accelerating universe and it has attained its fastest rate of expansion at = −1 for large . Thus, we have to examine the behaviors of ∆, ω and δ as → ∞ only for > 1. Thus, the space approaches to isotropy since ∆ → 0 and V → ∞ as → ∞, but the fluid does not approach to isotropy for the model with = 1. Whereas, ρ → 0 as → ∞ for = 1 as shown in Figure 4 .
Similarly for the model with exponential expansion, the universe approaches to isotropy monotonically even in the presence of the anisotropic fluid for > 1 and for = 1 with appropriate values of the constants. However, the anisotropic fluid isotropizes only in the accelerating models ( > 1) at later times of the universe and its EoS parameter evolves into the quintessence region. 
Conclusion
It is observed that the Kantowski-Sachs universe can approach to isotropy monotonically even in the presence of an anisotropic fluid. The anisotropy of the fluid also isotropizes at later times for accelerating models and evolves into the well known cosmological constant in the model for exponential volumetric expansion. In short, an accelerated expansion period isotropizes both the expansion anisotropy and the anisotropy of the fluid. Thus, even if we observe an isotropic expansion in the present universe we still cannot rule out possibility of DE with an anisotropic EoS. We can also conclude that an anisotropic DE does not necessarily distort the symmetry of the space. We cannot rule out the possibility of an anisotropic nature of the DE at least in Kantowski-Sachs framework.
